Abstract. A straightforward evaluation approach of free-surface Green function is developed to solve the potential flow around a three-dimensional lifting body. The free-surface waves generated by the movement of the lifting body is presented in an expansion of plane regular waves traveling in θ directions with wave number magnitudes k > 0. A boundary element method is combined with the evaluation approach and Hess-Smith panel integral formulae to predict hydrodynamic performance of a three-dimensional lifting body. Numerical results produced by the proposed method are compared favourably with experimental measurements.
Introduction
In ship hydrodynamics, the understanding of free-surface phenomena is a fundamental issue. To this end, in a potential flow analysis, Havelock [2] introduced a free-surface Green function or a free-surface source potential to describe the free-surface wave generated from the fluid-structure interaction between a body and uniform stream. In deriving the solution of the velocity potential describing this problem, the associated linear free-surface boundary equation is automatically solved in the free-surface Green function scheme by eliminating the infinite freesurface boundary integral from the fluid boundary integral formulation.
The free-surface Green function consists of the Rankine source potential, its image potential and a singular wave integral K expressed as G = − 1 |(x, y, z)−(ξ, η, ζ)| + 1 |(x, y, −z)−(ξ, η, ζ)| −K.
For x − ξ ≥ 0 and ν the wave number (see the attached Nomenclature for the definition of variables), the singular wave integral K is a harmonic function in the following form [3, 4, 5, 6] : 
which is a combination of a double integral determining near-field free-surface waves and a single wave integral accounting for far-field free-surface waves. In the developed Rankine source panel method discretisation schemes, the Rankine source singularity occurring in a panel integral was successfully evaluated [7, 8] , whereas, the singularity arising in the double integral of K leads to numerical computational difficulties which have been widely discussed [5, 9, 10] .
Havelock [2, 11] introduced the regular wave integral π(k cos 2 θ − ν − iµ cos θ) dk.
Using this wave integral K µ , we have the approximation for the singular wave integral K in the form [6] 
For the uniqueness of the wave integral, one may refer to [12, 13] for an initial value problem for velocity potential e µt φ(x). Recently, two-dimensional free-surface Green function involving a regular wave integral was derived by the author [14] . The regular wave integral replaces the corresponding singular wave integral in numerical approximations ensures that the Green function evaluation can be made straightforwardly by ignoring the wave integral singularity problem and evaluation scheme was applicable to the numerical simulation of two-dimensional potential flows around a lifting body [14, 15] . The straightforward evaluation using the three-dimensional regular wave integral K µ was employed to produce numerical solution describing the potential flow around a thin body [16] based on the Michell thin ship theory. This method is also further applied to a numerical solution describing a Hess-Smith panel method based numerical discretisation of the potential flow around a non-lifting body [17] . However, it is unknown if the approach is applicable to fluid motion around a lifting body. To give a confirmative answer to this hydrodynamics problem, we provide further development of the studies [14, 15] to predict the pressure distribution and generated free-surface waves experienced by a three-dimensional lifting body, such as a hydrofoil, submerged in a uniform stream. It is shown that a free-surface wave is expressed as an expansion of plane regular waves traveling in the directions − π 2 < θ ≤ π 2 with the wave number magnitudes k > 0. This numerical wave, covering both near field and far field wave parts, is different to the far field free-surface wave approximation by integrating elementary waves in the directions − π 2 < θ ≤ π 2 [18, 19] with the fixed wave number value k = ν and the far field free-surface wave approximation by using the single wave integral of (2) (see, for example, [20, 21] ). The predictions from the proposed method are shown to be in favourable agreement with experimental measurements [22, 23] . For other numerical simulation methods on the lifting body problem, one may refer to [24, 25, 26, 27] .
For the ship wave problem based on the free-surface Green function, a series of investigations on numerical implementation of the Neumann-Michell theory have been obtained by Noblesse and his co-workers. They derived a new formulation of the line integral around the ship waterline in the boundary integral representation of the velocity potential [28] , provided numerical smoothing of the flow velocity and numerical filtering of short waves to present better wave predictions [29] , and showed the efficiency of a simple ship wave approximation formulation of the Neumann-Michell theory [30] .
In the present study, free-surface Green function panel method is employed so that the free-surface boundary condition is automatically satisfied. With the use of (4), the singular wave integral K is replaced by K µ for small µ > 0 in numerical simulations. However, the methods using the Rankine source potential rather than the free-surface Green function due to the singularity problem of K have been well developed. Rankine source panel methods focus mainly on solving free-surface boundary equations in which the free source potential is solved simultaneously with the body surface potential and radiation condition. For example, [10] utilized a finite-difference method to solve free-surface boundary equation; [31, 32] used B-spline functions to approximate the near field free-surface boundary equation solution and periodic free-surface eigenfunctions to satisfy the far field radiation condition; [33, 34] combined a B-spline function approximation, Fourier integral and dispersion relations to solve free-surface boundary equations. Although Rankine source panel methods require much larger computing memory to solve free-surface boundary conditions, they provide more flexibility to tackle nonlinear fluid boundary equations [35] through a developed mixed Euler-Lagrange iteration scheme [36, 37] .
-dimensional coordinates (x, y, z): -non-dimensional coordinates c l,m : -regular wave expansion coefficients Fn: -Froude number U/ √ gc h: (NACA4412)-vertical distance between z = 0 and a mid chord point h: (Joukowski)-vertical distance between z = 0 and a trailing edge point g: -gravitational acceleration G: -free-surface Green function G µ : -dissipative free-surface Green function i: -pure imaginary number √ −1 K: -singular wave integral K µ : -regular wave integral n i,j : -panel normal vector N c : -number of panels in chordwise direction N s : -number of panels in the spanwise direction N k : -number of panels of (0, t max ) (0, t max ): -approximate domain of the wave number integral domain (0, ∞) N θ : -number of panels of the θ direction domain (− ′ , η ′ , ζ ′ )/c defines a non-dimensional source point. Thus the source potential of (ξ, η, ζ) is the free-surface Green function defined by (1) , (3) and (4) . Instead of approximating the singular wave integral K in (2) after taking the limit (4) in earlier investigations such as [6] , we use the approximation K ≈ K µ for small µ before taking the limit (4) and expanding K µ into a sum of whole space harmonic functions [16] .
Since the singularity of K µ is removed because µ > 0, we may evaluate the regular wave integral K µ over a set of mesh grid points (
2 ) for suitable integers N k and N θ . As adopted in [16] , letting the exponential function be constant with respect to k and θ in every cell, the discretisation of the regular wave integral K µ takes the form
This is an expansion covering whole space harmonic functions with the expansion coefficients defined by
Here the continuous function
k cos 2 θ − ν − iµ cos θ with respect to θ on the interval [θ m , θ m+1 ] is evaluated at θ = θ m . The evaluation can also be made for θ = 
Panel method
As an example to demonstrate the application of the expansion technique to a lifting body problem, the numerical simulation by using a panel method is demonstrated for the potential flow around a three-dimensional hydrofoil in a uniform stream.
3.1. Boundary integral formulation. A three-dimensional hydrofoil of chord length c is submerged in a uniform stream of speed U . The water depth of the fluid is infinite. D denotes the linearized fluid domain upper bounded by the calm water surface z = 0. The non-dimensional coordinate frame of the vertical plane y = 0 is illustrated in Figure 3 .1. The total dimensional velocity potential of the hydrofoil problem is described asΦ
It is a harmonic function in the fluid domain D satisfying the solid boundary condition
where S is the hydrofoil surface, n is the unit normal vector field of S pointing into the fluid domain and the dimensionless function φ denotes the perturbed velocity potential subject to the linear dissipative free-surface boundary condition
Using the three-dimensional dissipative free-surface Green function
and boundary condition (10), we find that the velocity potential φ can be presented as a solution of the boundary integral equation over the hydrofoil surface S and the upper and lower surfaces S ± w of an infinite wake cut. That is, (12) is only involved in the description of the body boundary integral and the linear free-surface boundary condition, implied in the Green function, is not required to solve (12) . The velocity potential solution is solved by using the solid boundary condition (9) and a Kutta condition for controlling the integral over the wake cut. The derivation of the Green function or source potential is crucially dependent on the source being totally submerged below the calm water surface at depth h. It is found that increasing this depth, h, leads to an increase in computational accuracy.
Discretisation of the boundary integral equation (12).
For simplicity, to demonstrate the discretisation process, a three-dimensional hydrofoil of uniform chord is selected with grid points p i,j for i = 1, ..., N c + 1 and j = 1, ..., N s + 1.
Here N c denotes the number of panels in the chordwise direction and N c denotes the number of panels in the spanwise direction. The grid points p 1,j = p Nc+1,j represent the trailing edge. The ending grid points of the infinite wake cut panels are
for λ → +∞ and j = 1, ..., N s + 1.
Therefore, a flat panel with centroid q i,j is denoted as panel i,j and is defined by the four vertices
The local frame referencing the panel i,j consists of the tangential vectors
.., N s + 1, and the normal vector
.., N s . Let us assume that φ is constant on each panel and is defined as φ i,j . On the wake cut, we set the values 
after the application of the impermeable solid boundary condition (9) or
To solve the unknowns φ i,j from the discretisation equation (13), it is necessary to evaluate the panel integrals
with respect to G µ in (11). The panel integrals for the Rankine source potential, its image and their normal derivatives are evaluated by the integration formulae [7, 8] . These were also presented by [38] resulting from the Gauss-Bonnet theorem. The integrations, [7, 8] , are over a flat panel in (ξ, η) plane and the control point of the panel is the origan (0, 0). Therefore, for the integrals over the panel i,j with respect to Rankine source and its image, it is necessary to transfer the points p, p i,j , q i,j and q I,J in the global frame into the local frame t (7) and adopting the notation q I,J = (x, y, z) and
) and
the panel integrals associated with the regular wave integral K µ are calculated from the expressions
Numerical simulation for pressure forces
In the previous section, the panel integrals occurring in (15)- (16) follow from the Hess-Smith panel integral formulae [7] and the results arising from the regular wave integral evaluation (18)- (19) . It therefore follows that the boundary integral discretisation equations (13) can be rewritten as
for I = 1, ..., N c , J = 1, ..., N s , where a I,J,i,j denotes the integral (15) and B I,J denotes the right-hand side of (13) .
The algebraic equations system (20) is not complete as the extra unknowns φ Nc+1,j are to be specified. To do so, we use the Kutta condition [41] that the chordwise tangential velocity at the trailing edge on the upper surface is opposite to that on the lower surface:
Therefore, the substitution of (21) The unknowns φ i,j can be solved by Gaussian elimination algorithm. Hence we obtain the non-dimensional total velocity potential
and the non-dimensional orthogonal tangential velocities
These tangential velocities determine the pressure coefficient on the hydrofoil surface panels
The lift and drag coefficients of the jth cross section are defined as
To facilitate comparisons of the numerical results with the experimental data [22, 23] , the hydrofoil shapes are selected in the form of a NACA4412 and a 12% symmetric Joukowski contour operating at the angle attack α = 5
• and various values of submergence-to-chord ratio h/c, span-to-chord ratio b/c and Froude number Fn = U/ √ gc. The submergence depth h for the Joukowski shaped hydrofoil is measured as the vertical distance between the calm water surface z = 0 and a trailing edge point p 1,j [23] , whereas for the NACA4412 hydrofoil is measured as the vertical distance between the calm water surface and the middle chord point [22] .
In this study, the regular wave integral K µ approximates the singular integral lim µ→0+ K µ and hence only small µ values are considered. The present method is tested for µ in the interval [0.0001, 0.1] and it is found that the numerical pressure distribution on the body surface remains very stable as µ → 0+. The numerical data relate to the central plane y = 0. This stability is demonstrated by the numerical pressure results illustrated in Figure 2 , indicating that the differences in A series pressure coefficient measurements [23] were recorded on the upper surface of a 12% symmetric Joukowski hydrofoil model ( b/c = 3.5 ) held stationary in a water tunnel. Results derived from the present mathematical model are compared with the experimental data of [23] as depicted in Figure 4 for various submergence values and fixed Froude number. Figure 4 shows the dependence of the pressure distribution on the central plane (y = 0) to the span-to-chord ratio b/c and the submergence-to-chord ratio h/c. It was further found that when the ratio h/c ≤ 0.35 free-surface effects become more dominant and the pressure coefficient It should be noted that the integrands of K µ and K in equations (3) and (4), respectively, contain implicitly the function e −kh/c , which decays exponentially for the submergence-to-chord ratio h/c. Thus its discretisation form e −ki+1h/c dominates the convergence of the expansions (18)- (19) . Figure 5 illustrates a comparison of results obtained from the present method, experimental data and calculations derived from the corresponding two-dimensional method for small values of h/c and various Fn values. It is seen that even when the hydrofoil is very near to the free surface, the results of the proposed method agree very well with the experimental data. The pressure coefficient data derived from a two-dimensional method [15] for a two-dimensional 12% symmetric hydrofoil corresponds to the predictions of the pressure coefficient on y = 0 for a three-dimensional hydrofoil with b/c = ∞. For the NACA4412 hydrofoil, the experimental data [22, Table II ] relates to a model of 0.5ft chord mounted in a circulating water tunnel with uniform stream speed U = 4.15ft/s. As assumed in [39] , we take the submergence depths h = 0.47ft and h = 0.3ft giving a Froude number and submergence-to-chord ratios Fn = U √ cg = 1.036 and h c = 0.94, 0.6. Figure 6 illustrates a comparison of the results from the proposed method with measured data [22] . No span data was provided [22] , and, therefore, two span values are assumed in the calculations obtained by the present method. The results demonstrate that the three-dimensional numerical model with the long span (b/c = 20) is able to describe favourably the calculated findings derived from a two-dimensional method [39, Figure 9 ]. However, the results suggest that the moderate span length (b/c = 4) may have been used in the water tunnel experiments [22] . The measured experimental data lie below the two-dimensional calculated values presented in [39, page 124] . It was confirmed that this difference is expected because the effect of the boundary-layer displacement reduces the circulation and thus the minimum pressure. However Figure 6 suggests that the major contributor to the difference of values is the ratio b/c in the numerical and experimental scenarios rather than the effect of boundary-layer displacement. For the NACA4412 hydrofoil operating at α = 5
• , h/c = 0.94 and Fn = 1.036, to produce good agreement between experimental data and two-dimensional numerical data, a large span-to-chord ratio value (b/c ≈ 20) hydrofoil model is required, which is not a radical proposition to use in experiments and in a towing tank or water tunnel. However, if the submergenceto-chord ratio h/c = 0.6, the span-to-chord b/c value for an experimental model can be reduced significantly due to the increment of free-surface effects.
The numerical simulations for a NACA4412 hydrofoil for the shallow submergence case are displayed in Figure 7 . The distance between the calm water surface and the hydrofoil is 0.085 when h/c = 0.2 and is 0.1854 when h/c = 0.3. With the decrease of the h/c value, the upper surface pressure coefficient line turns to intersect with the lower surface one at a point away from trailing and leading edges.
Lift coefficient C l and drag coefficient C d data are determined from the threedimensional mathematical model for a NACA4412 hydrofoil with the submergence h/c = 1 and Froude numbers 0.4 ≤ Fn ≤ 1.8. These are compared to numerical data [31] relating to two-dimensional flows. The calculations of the coefficients C l and C d from the three-dimensional model produce convergent solutions with respect to the increment of span-to-chord ratio b/c. Figure 8 displays results for C l and C d on the central plane y = 0 for a variety of values of b/c. These show that the present method produces predictions favourably compared to corresponding two-dimensional numerical data [31] when b/c ≥ 15.
Numerical simulation for free-surface waves
The free-surface wave expression to be discussed herein is related to far field free-surface wave formulations (see, for example, [18, 19, 21, 20] ) of Kelvin waves. It is necessary to refresh the previous formulations to understand their differences. From the Green function expression (2), the free-surface wave generated by the advancing source point (ξ, η, ζ) = (0, 0, 0) is combined by the far field wave defined by the single integral of (2) and a near field wave defined by the double integral of (2). Therefore a far field wave is integrated by one-dimensional waves in the directions − π 2 < θ < π 2 (see, for example, [21] ) as given by the single integral of (2) expressed as
This consideration dates back to Havelock [18, 19] on the expression of the far field free-surface wave
integrated by the elementary waves
and a 2 (θ) cos[ν sec 2 θ(x cos θ + y sin θ)]
for wave amplitudes a 1 and a 2 .
In the present study, we consider the complete formulation of the free-surface wave, which is the summation of the far field free-surface wave part and the near field free-surface wave part. The former represents the integral of the elementary waves for − π 2 < θ ≤ π 2 at the single wave number value k = ν and is determined by the single integral of (2) . The latter, defined by the double integral of (2), represents for the integral of the elementary waves for − π 2 < θ ≤ π 2 and k > 0 but k = ν. Therefore, for the consideration of the whole free-surface waves, it is suitable to use the double integral (3) instead of (2) to get a straightforward discretisation of free-surface waves due to the absence of singularity in (3) .
It follows from the Bernoulli equation and (8) that the linearized surface wave elevation is expressible in the form
For a field point q = (x, y, 0) on the calm water surface, the Rankine source and its image cancel one another. It follows from (12), (14) and (17) that
where |panel i,j | denotes the area of panel i,j . Combining the previous equation with the expansion [16] , we find that
Here the the expansion coefficients are expressed aŝ
, (27) such that
If we simply rewrite the coefficients in the form
for i = N c + 1, the previous formulation reduces to • and h/c = 1. It also illustrates the surface wave on the plane z = 0 calculated by the three-dimensional theory described herein. In the three-dimensional theory, taking b/c = 20, the surface wave generated on the central plane is in a good agreement with the two-dimensional numerical surface wave given by [31] . However, when the ratio reduces to b/c = 8 and 4, the central plane (y = 0) waves are significantly different to the two-dimensional flow wave due to wave radiation damping.
From equation (28) and its derivation, it follows that the wave elevation can be expanded as stationary propagating regular waves (see Figure 10 ) of wave numbers Figure 9 . Generated three-dimensional surface waves, and twodimensional surface waves on the central plane y = 0 compared to a calculated two-dimensional surface wave [31] for a NACA4412 hydrofoils operating at Fn = 0.9, h/c = 1, α = 5
• . k > 0 and incident wave angles − π 2 < θ < π 2 centred at mesh grid points of hydrofoil surface. Moreover, the derivation of the wave expansion (28) shows that the surface wave χ is sum of surface waves produced by the sources located on hydrofoil panels.
To facilitate the understanding of the wave expansion, we employ (26) to derive the single source wave χ s expressible as
for strength M, submergence depth h and speed U . Here the typical length c of the flow is set to be h and so the source point (ξ, η, ζ) can be set as (0, 0, −1).
Following [40] , we choose M U h 2 = 2.6 and Fn = 0.7.
The wave expansion (29) has been validated [16] through comparison with the numerical data of [40] . Let us now consider partial summations of the regular waves with respect to k = k l ∈ (0, ∞) and θ = θ m ∈ (− π 2 , π 2 ) to analyse the structure of source wave shown in Figure 11 .
The wave in Figure 11 ). This implies that these regular waves mainly contribute to the formation of divergent waves. Figure 11 (c) shows that the regular waves with respect to θ = θ m around 0 gives rise to transverse waves of the Kelvin wave in Figure 11 (a) .
Moreover, to see the role of the wave number k, the component parts of the summations of regular waves for all θ = θ m ∈ (− π 2 , π 2 ) and partial k = k l > 0 based on the formula (29) are illustrated in Figure 11 (d) -(e). These figures imply that the regular waves with small wave numbers or large wave lengthes have little contribution to the formation of Kelvin wave in Figure 11 (a). When the partial summation is made for the regular waves with k ≤ 2.8, the resultant wave is very close to Figure 11 (a) . That is, the regular waves with large wave numbers can be ignored without causing a significant reduction of the accuracy of the result. It was found that main contributors to the Kelvin wave are by regular waves with k = k l around the wave number ν = 2.04.
In similar fashion to the source waves discussed in Figure 11 , the partial summations of regular waves with respect to θ = θ m and k = k l based on the plane regular wave expansion formula (28) are displayed in Figure 12 . The construction of the wave (28) is much more complex than that of the single source wave (29) . However, some properties are shared by these two kind of waves. For example, it is implied in Figure 11 that the regular waves with small or large wave numbers k = k l are not important in the formation of the Kelvin wave illustrated in Figure 9 and the regular waves with θ = θ m close to 0 are main contributors to the formation of the divergent waves.
Discussion
Steady free-surface potential flow around a lifting body is traditional problem in hydrodynamics and has been well studied in both linear (see, for example, [8, 39] and nonlinear (see, for example, [40, 42] ) aspects. Even for the linear threedimensional free-surface problem, the free-surface Green function approach is still widely accepted as a difficult problem due to singular wave integral K = lim µ→0+ K µ presented in (3). It is demonstrated in the present study for a lifting body problem that the singularity can be ignored by using K µ for µ = 0.001 or µ = 0.0001 in place of K, which was evaluated after taking the limit µ → 0+ in earlier investigations. Numerically, there is no difference between K µ=0.0001 and lim µ→0+ K µ with respect to engineering problems. However, the former is a regular integral, while the latter is singular integral. This approximation scheme developed from [14, 15, 16, 17] helps introduce whole space harmonic function expansions of the half space harmonic function K µ=0.0001 ≈ K and then present a simple and straightforward free-surface Green function based panel method for the lifting body problem. The extension of this method to the translating and pulsating free-surface Green function was recently developed in [43] .
With the use of the harmonic function expansions, free water surface generated by the movement of the hydrofoil in the potential flow is expressed as an expansion of plane regular waves for selected θ directions and wave number k values. This understanding is different to the Havelock elementary wave theory [18, 19, 20] showing the far field wave part at the single wave number value k = ν.
Present method results are in very good agreement with experimental data of [22, 23] and the numerical results of [15, 39] .
